We present warped metrics which solve Einstein equations with arbitrary cosmological constants in both in upper and lower dimensions. When the lower-dimensional metric is the maximally symmetric one compatible with the chosen value of the cosmological constant, the upper-dimensional metric is also the maximally symmetric one and there is maximal unbroken supersymmetry as well.
Introduction
Randall and Sundrum's recent proposal for an alternative to standard Kaluza-Klein compactification in Refs. [2, 1] has attracted a lot of attention from many quarters: from a phenomenological point of view, it is a new and fresh proposal to understand the hierarchy between gauge and gravitational interactions, while from a purely gravitational point of view it rises many interesting problems concerning the relation between bulk and brane gravitational phenomena. In any case, these models provide a new arena in which one can study new and old problems of Theoretical Physics.
It is, then, worth trying to extend this framework and see how general it can be. Here we will present certain generalizations of the Randall-Sundrum (RS) scenario which can potentially be used as alternatives to Kaluza-Klein compactification. They are solutions of the Einstein equations with arbitrary cosmological constant ind dimensions and lead to d = (d − 1)-dimensional metrics which solve the Einstein equations with arbitrary ddimensional cosmological constant. They enjoy a basic property which one should require to any framework with extra dimensions: when the d-dimensional metric is maximally symmetric (and, therefore, is the lower-dimensional vacuum) the correspondingd-dimensional metric is also maximally symmetric (and, therefore, the upper-dimensional vacuum). This is a property enjoyed by any consistent standard Kaluza-Klein compactification: vanishing matter fields and Minkowski metric in lower dimensions (the d-dimensional vacuum) correspond to Minkowski times a torus metric in upper dimensions (thed-dimensional vacuum). Basically the same can be said of supersymmetry although there are subtleties that in many cases will later make impossible to define lower dimensional supersymmetry.
In order to exploit these "bulk" solutions for dimensional reduction, we introduce brane sources, find the modified solutions and study the dynamics of gravitons in the new backgrounds. We also find the effective gravity actions and Newton constants in lower dimensions and study supersymmetry on the brane-worlds.
Bulk Solutions
We are interested in "warped metrics" of the form 4 dŝ 2 = a 2 (y) ds 2 − dy 2 ,
solving the equations 4 We work in arbitrary dimensiond with mostly minus signature. Alld-dimensional objects carry hats. We choose xd −1 ≡ y as the spacelike holographic coordinate and thus, we split the {xμ} = {x µ , y}. Unhatted objects are d (=d − 1)-dimensional.
Rμν =Λĝμν ,
whereΛ and Λ are respectively thed and d-dimensional cosmological constants whose signs are, in principle arbitrary. For convenience we defineĝ and g bŷ
.
The solutions fall into two classes:
where the sign is to be chosen so as to make a(y) real. This is always possible except for the caseĝ ∈ I , g ∈ R.
In the other cases we have 5 , with g = 0 (a)ĝ , g ∈ R a = g/ĝ coshĝy ,
In this case, the coordinate y naturally lives in a circle of length 2π iĝ . With g = 0 the only possibility isĝ ∈ R and a = e ±ĝy .
(1.8)
which means that we must have g ∈ I. 5 The case in which a is not real can be fixed by Wick-rotating y into a timelike coordinate.
The main property of these two classes of solutions is that, if we choose g µν to be the maximally symmetric metric in d dimensions with curvature given by Λ, then, automatically,ĝμν is the maximally symmetric metric with curvature given byΛ. A popular example is the RS solution [2, 1] which fits in theĝ ∈ R , g = 0 case: choosing g µν = η µν , then, we have upstairs (locally) anti-De Sitter (aDS). Other possibilities that we are introducing here are: to have either aDS or DS both upstairs and downstairs, to have aDS upstairs and DS downstairs and to have Minkowski upstairs and DS downstairs. As we are going to see, at least from the supersymmetry point of view, the most interesting options are the RS solution and the one with Minkowski upstairs and DS downstairs.
In any dimension, in absence of any other fields, the gravitino supersymmetry transformation law will take the form 6
Then, the Killing spinor equation δǫψμ = 0 has the following solutions:
1.ĝ = 0ǫ
where ϕ = (g/ĝ)/|g/ĝ| and where ǫ ± are two spinors that satisfy
D µ being the standard Lorentz covariant derivative and γ a ≡γ a . These equations have maximal number of solutions when the d-dimensional space is maximally symmetric.
2.ĝ = 0
The solution in this case is any y-independent spinorǫ satisfying
where now γ a ≡γ aγy .
6 Depending on the dimension, we will have one or another kind of minimal spinors associated to representations of the gamma matrices with special properties. This will never be an issue in what follows and our results can be adapted to all the cases of interest.
7 Formally we can also consider the DS case (ĝ ∈ I). DS supergravities do exist even though they are inconsistent as quantum theories.
In this case we had to take g ∈ I and thus this is the d-dimensional DS covariant derivative. This equation has a maximal number of solutions when the d-dimensional spacetime is DS.
Observe that, although DS supergravity is inconsistent, any pure gravity solution of that theory can be considered a warped compactification of standard (Poincaré) supergravity in one dimension more.
Although we have managed to reduce thed-dimensional Killing spinor equation to a d-dimensional-looking Killing spinor equation, this does not mean that we have supersymmetry in the d-dimensional space. In theĝ = 0 case, we cannot have two different signs for g. Keeping only one means keeping either ǫ + or ǫ − , but this truncation is only consistent with d-dimensional Lorentz invariance when g = 0 (the RS case). On the other hand in thê g = 0 it seems that there is no problem to have DS supersymmetry. The supersymmetry of the RS solution has also been studied in Ref. [4] .
Brane-World Solutions
We now want to introduce brane sources in the backgrounds found in the previous section. Mimicking Randall and Sundrum we consider the gravity plus brane-sources equationŝ
(2.1)
Although we write cosmological constants, we will have to allow for piecewise constant functions of y. Then, by making identifications if necessary we can restrict ourselves to a domain in which they are really constant.
With the same Ansatz for the metric Eq. (1.1) these equations reduce to the simple differential equations for the warp factor a(y)
It is straightforward to see that the solutions take now the form 1.ĝ, g = 0 a(y) = 1 2 ±g 2 /ĝ 2 e n cn|y−yn|+C ± e − n cn|y−yn|+C ,
whereĝ and g are defined as before but nowĝ takes the value
4)
and g is proportional toĝ with an arbitrary proportionality constant soĝ/g is a true (purely real or imaginary) constant. The simultaneously purely real or imaginary constants c n are given by It is easy to convince oneself that in general the equations for the constants c n only have solution if all of them (and, therefore, the tensions T n ) have the same signs, except for the g = 0 (RS) case in which one can get solutions for arbitrary values of the tensions (Eq. (2.9)). In particular, a system with two branes only has solution if both branes have the same tension.
The problem of finding the different c n 's does not show up if one considers an infinite periodic array of branes and antibranes with opposite tensions. We can restrict ourselves to a fundamental region bounded by two branes or anti-branes with an antibrane (resp. brane) in the middle. The system is mirror symmetric with respect to the middle (anti-) brane and we can make a further Z 2 identification that leaves us with a piece of spacetime bounded by a brane and an antibrane in whichΛ and Λ are constant (and in which only one constant c n matters). In these conditions, taking as fundamental region the interval y ∈ [0, ℓ/2] with an antibrane placed at y = 0 and a brane at y = ℓ/2 the warp function a(y) takes the same form as if there was only one brane in the whole spacetime: Let us now consider the supersymmetry of these solutions. Now we can speak both of bulk and world-brane supersymmetry. As we discussed before, we can only have supersymmetry on the brane in the RS caseĝ = 0, g = 0 and in the Minkowski-DS caseĝ = 0, g = 0 and imaginary. In these two cases the amount of supersymmetry preserved depends on the d-dimensional (brane) metric g µν . If it is maximally symmetric, then there will be maximal supersymmetry on the brane.
The presence of generic branes generically breaksd-dimensional bulk supersymmetry 8 . However, in the cases under consideration, supersymmetry is not broken locally in the bulk, in between any pair of branes, since there the metric has exactly the same form as in the absence of branes.
One may want to have unbroken supersymmetry globally, an not just in between the branes. Then, the necessary condition is to be able to match the solutions of the Killing spinor equation in both sides of a given brane. Let us take, for simplicity one brane place at y = 0. In the y > 0 side of the brane, the solutions of the Killing spinor equation are those exhibited in the previous section. In the y < 0 side of the brane we find solutions of the same for where, now the spinors appearing in the general solution satisfy i.e. the same equations but with the sign of g reversed. We need to set g = 0 which means that in the second case all supersymmetry is broken unless we have a trivial solution.
In the first case, it is not enough to have g = 0 which brings us the the RS case again. It turns out that we also need to impose the condition iγ yǫ = +ǫ , (2.20)
on the Killing spinor, which reduces supersymmetry to a half. This is the same condition we would impose if we were orbifolding the space between branes.
4-d Action and Newton Constant
The action from which the equations of motion Eqs. (2.1) follow has the form 
Case 1.c: a = g/iĝ cos iĝy In this case the integration limits are 0 and 2π/iĝ:
Case 3: a = ig|y| + C In this case we have:
Graviton Dynamics
Expanding the first of Eqs. (2.1) around a background which satisfies the same equation one finds the equation of motion for the perturbationĥμν and using the transverse traceless gauge∇μĥμν =ĥ = 0 , (4.1)
whereĥ =ĝμνĥμν we get 9 9 All indices are raised and lowered with the fulld-dimensional background metricĝμν.
Using now the first of Eqs. (2.1) to eliminateRρμ we get Now we assume that the perturbation can be expanded in RS modeŝ
We are only interested in the massless mode h
µν ≡ h µν . The sourceless equation of a massless graviton in a maximally symmetric background, in the traceless, transverse gauge is
and, thus, we get forĥ µν = f 0 (y)h µν Depending on the specific solution we can have gravity confinement on the brane or not. In general, the inclusion of branes and the orbifolding procedure is necessary to have confinement on just one brane (a 2 has more than one maximum in the interval of interest). The only exception seems to be the RS case. The DS to DS case (ĝ, g imaginary) deserves special mention because the holographic coordinate is naturally compact. No branes are needed to make the graviton wavefunction normalizable, although we do need them if we want to think in terms of confinement.
Conclusions
We have explored general solutions with metrics of warped forms with and without branes and we have studied their supersymmetry properties and the effective theories on the branes, including supersymmetry.
Two cases are singled out by supersymmetry considerations: the well-known RS case and the case in which the total spacetime is Minkowski and on the brane one has DS spacetime. The brane breaks a half of the available supersymmetry in the RS case, a result also obtained in Ref. [4] , while in the last case a brane seems to break completely the bulk supersymmetry although one can still speak of (DS) supersymmetry on the brane-world with its known problems.
